For selected first-and second-row atoms, correlation-optimized Gaussian k functions have been determined and used in the construction of septuple-basis sets for the correlation-consistent cc-pVXZ and aug-cc-pVXZ series. Restricted Hartree-Fock ͑RHF͒ and second-order Møller-Plesset ͑MP2͒ total and pair energies were computed for H, N, O, F, S, H 2 , N 2 , HF, H 2 O, and (H 2 O) 2 to demonstrate the consistency of the new septuple-basis sets as extensions of the established (aug)-cc-pVXZ series. The pV7Z and aug-pV7Z sets were then employed in numerous extrapolation schemes on the test species to probe the accuracy limits of the conventional MP2 method vis-à-vis explicitly correlated ͑MP2-R12/A͒ benchmarks. For ͑singlet, triplet͒ pairs, (X ϩ 1
I. INTRODUCTION
Ab initio computation of highly accurate molecular properties has witnessed a dramatic improvement in the quality of predictions in the past decade thanks to the development of advanced wave function approaches coupled with numerous algorithm and hardware improvements. Nevertheless such computations remain highly expensive. Less rigorous, pragmatic approaches to the problem which combine wave function and efficient Kohn-Sham ͑KS͒ density functional theory ͑DFT͒ exist too, such as the GN//B3LYP model chemistries, 1,2 which utilize KS DFT methods for geometric structures and vibrational frequencies with wave function methods for final energetics. The GN methods 3, 4 are further ''trained'' to perform well for certain types of systems and properties by including empirical corrections. Such approaches aim at chemical accuracy, commonly defined as ϳ1 kcal mol Ϫ1 for relative energies, and offer close to the target performance. More rigorous thresholds, such as subchemical and spectroscopic accuracy (ϳ0.1 kcal mol Ϫ1 and 1 cm Ϫ1 for relative energies, respectively͒ are out of reach of any but the most sophisticated methods of theoretical chemistry which compute electronic wave functions directly. 5 To achieve the subchemical and spectroscopic accuracy thresholds one has to take into account many factors that are usually left out of consideration, such as convergence with respect to the n-and one-particle basis sets, core correlation, relativity, and non-Born-Oppenheimer effects. 6 For molecules composed of light elements, the obstacle to be overcome most frequently is the unacceptably slow convergence of correlation energies with respect to the one-particle basis set used for constructing the n-particle expansion. 7 This difficulty is due to the inability of orbital product expansions to properly describe the electron-electron cusps of the exact wave function. 8 A highly robust method of dealing with the cusp is to include the dependence on the interelectronic distances into the wave function explicitly. The Hylleraas ansatz 9, 10 for the helium atom is effective to better than femtohartree accuracy. 11 Hylleraas-CI, 12 the transcorrelated method of a͒ Electronic mail: edward.valeev@chemistry.gatech.edu
Boys and Handy, 13 Gaussian geminals methods, 14, 15 and the linear R12 methods of Kutzelnigg, Klopper and others 16, 17 are examples of general ways to include r i j -dependence into wave functions. Unfortunately, the associated, difficult multielectron integrals have hindered widespread application of explicitly correlated approaches. Linear R12 methods deal with the problem in an attractive manner, by means of standard approximations, 16 so that only nonstandard two-electron integrals 16, 18, 19 are required. A somewhat less rigorous approach to the one-particle basis set problem is to extrapolate the electron correlation energy ͑or any other property͒ to the complete basis limit. A fundamental problem with such an approach is, of course, that only the selected property is improved, not the wave function. One also needs to carefully design a sequence of practical basis sets which leads to a known convergence pattern in order to apply the extrapolation method successfully, a rather formidable task. For example, the partial wave expansion of the energy 7 -a useful approach in the case of a two-electron atom 20 -is impractical for nontrivial molecular cases because of the cost of constructing a series of basis sets ͑nearly͒ saturated to a given angular momentum L max .
Numerous efforts to design extrapolation schemes in the spirit of the partial wave expansion have nevertheless been made. The correlation-consistent basis set families (aug)-cc-p(C)VXZ developed by Dunning and coworkers [21] [22] [23] are employed for such studies most often. 87 Various assumptions have been made about the rate of convergence of correlation energies computed with correlationconsistent basis sets. Feller 24 first used an exponential fit,
⌬E͑X ͒ϭa exp͑ϪbX͒, ͑1͒
where ⌬E(X)ϭE(X)ϪE(ϱ), which if applied for small values of X may underestimate the basis set limit severely. Martin 25 suggested several alternative fits to the energy,
which are reminiscent of the partial wave contribution formulas. 7,26 -28 Similarly, Wilson and Dunning 29 explored a general asymptotic expression,
where m assumed values of 3 and 4, and d ranged from 0 to 1. They found 29 that the following two specializations of Eq. ͑5͒ were optimal:
⌬E͑X ͒ϭBX Ϫ3 ϩCX Ϫ5 , ͑6͒
⌬E͑X ͒ϭB͑ Xϩ1 ͒ Ϫ4 ϩC͑Xϩ1 ͒ Ϫ5 . ͑7͒
In 1997, Helgaker et al. 30 advocated a very simple formula,
⌬E͑X ͒ϭgX
Ϫ3 . ͑8͒
There are several reasons for the attractiveness of relation ͑8͒. First, given two energies computed with cc-pVxZ and cc-pVyZ basis sets, the energy in a complete basis set limit can be approximated using a linear combination, .
͑9͒
The algebraic nature of the fit opens the possibility of applying Eq. ͑9͒ to entire potential energy surfaces 6 in a straightforward and consistent manner, which is technically and conceptually more difficult with the nonlinear least-squares fits to Eqs. ͑1͒ and ͑2͒. Second, Halkier and co-workers 31 have found evidence that Eq. ͑8͒ is the optimal two-parameter fit of the type ⌬E͑X ͒ϭa͑ Xϩ␦ ͒ ␣ . ͑10͒
Furthermore, Klopper et al. 32 utilized the concept of principal expansion to arrive at a more rigorous theoretical motivation for exploring extrapolation formulas of the type
⌬E͑X ͒ϭaX
Ϫ3 ϩbX Ϫ4 ϩ¯. ͑11͒
Thus, in terms of simplicity and physical motivation, Eq. ͑8͒ is hard to surpass. A recent, interesting generalization 33, 34 of Eq. ͑8͒ takes into account the different convergence rates for pair energies derived by Kutzelnigg and Morgan 7 to extrapolate singlet
and triplet
pair energies separately. Note that previous studies that examined pair energies analyzed total, not spin-adapted, correlation energies only 29 which may explain why the asymptotic fits to Eq. ͑6͒, including both X Ϫ3 and X Ϫ5 terms, were found to provide accurate estimates of CBS limits. Certainly, more empirical evidence is needed to demonstrate the effectiveness of the spin-adapted approach, which is wellmotivated in theory.
The aforementioned expressions seem to work well when sufficiently large basis sets ͑cc-pVTZ or larger͒ are utilized to compute correlation energies. 31 However, extrapolations using the lowest members of the correlationconsistent families should be discouraged, because only asymptotic expressions arise from the partial wave analysis of atomic correlation energies. Nevertheless, a number of researchers have recently attempted to construct extrapolation schemes that work well with smaller basis sets. Truhlar and co-workers 35, 36 have proposed the following expression to approximate the CBS limit for correlation energies:
where constant ␤ is empirically determined for each level of electron correlation treatment. The simplicity and low cost of the scheme have substantial tradeoffs, 37 as the resulting RMS errors in atomization energies are rather large, viz., over 2 kcal mol Ϫ1 . Varandas 38 has suggested use of a more elaborate expression,
where A 4 depends on A 3 via an empirical function. Performance of this scheme is difficult to assess. An obvious problem with such smaller-basis approaches, 35, 36, 38 besides the fact that the extracted basis set limits do not achieve chemical accuracy, is that the use of empirical constants no longer allows one to approach the basis set limit in a consistent manner. In our opinion, the use of such schemes is questionable. 37 The value of ''simple'' extrapolations that do not include empirically-adjusted constants is that they offer a uniform method of approaching the basis set limit. Such fits have been employed repeatedly in the focal-point approach of Allen and co-workers. [39] [40] [41] [42] [43] [44] [45] [46] The accuracy of the computed CBS values seems to increase as higher and higher members of correlation-consistent basis set families are included in fits. A fundamental problem with the extrapolation approaches to dealing with the basis set incompleteness problem remains: the inexactness of asymptotic expressions for rates of convergence of molecular correlation energies computed with correlation-consistent series of basis sets. Naturally, a fundamental question arises. How far can the accuracy of energy predictions based on approximate extrapolation of conventional ab initio computations be pushed? To rephrase, can extrapolation schemes remain competitive with explicitly correlated methods in domains of subchemical and better accuracy? In this paper we address such fundamental questions by extending the correlation-consistent series of basis sets to the septuple-members, which include Gaussian functions of angular momentum 7 on first-and higher-row elements, and then by examining the effect of such functions on explicitly evaluated and extrapolated ͑spin-adapted͒ absolute and relative energies in atoms and molecules. Particular objectives include the completion of the construction of the ͑aug͒-pV7Z basis sets started by Feller and co-workers, 47 followed by an examination of the effects on atomic Hartree-Fock ͑HF͒ and correlation energies ͑H, N, O, F, S͒, absolute HF energies in molecules (H 2 , N 2 ), absolute ͑pair͒ correlation energies in molecules ͑HF, N 2 , H 2 O), and relative energetics in molecules ͑barrier to linearity in H 2 O, water dimerization energy͒.
II. TECHNICAL DETAILS
Atomic CISD and CCSD energies were computed with the quantum chemistry package PSI 3 ͑Ref. 48͒ and were converged to at least 10 Ϫ10 E h . Atomic spin-adapted perturbation theory energies ͓OPT2 ͑Ref. 49͒ and ZAPT2 ͑Ref.
50͔͒ were computed with the massively parallel quantum chemistry code MPQC ͑Ref. 51͒ and were precise to at least 10 Ϫ10 E h . In all atomic correlated computations, the lowestlying (1s;1s2s2 p)-like orbitals of ͑N,O,F;S͒ were kept doubly occupied ͑frozen core approximation͒. Spherical harmonic Gaussian functions were used throughout this study. Due to program restrictions, it was only possible to enforce the highest Abelian point group, D 2h , in atomic computations.
The pV7Z and aug-pV7Z basis sets, lacking k-exponents on first-and second-row atoms, 47 were obtained from the Environmental Molecular Sciences Laboratory online Gaussian basis set database. 52 The exponent of the missing k-manifold for the pV7Z basis was optimized numerically using a fourth-order polynomial fit to the atomic correlation energies computed with the frozen-core CISD, OPT2, ZAPT2, and CCSD methods. Optimized exponents are listed in Table I .
In accord with the optimization procedure for the correlation-consistent basis sets, the optimal CISD k-manifold was appended to the incomplete pV7Z basis to finish its construction. Technically, the final pV7Z contractions are H(14s6p5d4 f 3g2h1i/7s6 p5d4 f 3g2h1i), N-F(18s12p6d5 f 4g3h2i1k/8s7 p6d5 f 4g3h2i1k), and S(27s18p6d5 f 4g3h2i1k/9s8 p6d5 f 4g3h2i1k). The CCSD exponents are nearly identical to the reference CISD exponents, whereas the exponents obtained with the perturbation methods are significantly lower. Surprisingly, the optimal exponents for the two perturbation methods ͑OPT2, ZAPT2͒ are identical to four significant figures. The augpV7Z sets are obtained by adding a single, uncontracted primitive shell to every angular momentum manifold of the pV7Z sets. Further optimization of the orbital exponent for the diffuse k-manifold of the aug-pV7Z basis sets proceeded in the usual manner by maximizing the magnitude of the atomic correlation energy difference between the anion and neutral. 21 Due to the intrinsic limitations of our CI code, we were unable to optimize diffuse exponents at the CISD level, and thus chose the CCSD method for this purpose. If the agreement between CISD and CCSD k-exponents in the pV7Z case is an indication, the optimized diffuse CCSD exponent should be very close to the CISD optimized exponent. The PT2 optimized diffuse k-exponents are slightly lower than the CCSD values.
We should note that the pV7Z basis for sulfur must be used with with caution. Correlation consistent series for second-row elements have been recently corrected by Dunning and co-workers 53 to include an extra high exponent d-shell. The (aug)-cc-pV(Xϩd)Z basis sets thus obtained describe core polarization in molecular environments properly and show improved convergence behavior, especially with the low-X members of the series. The higher members ͑QZ through 6Z͒ of the standard correlation consistent series are consistent among themselves and include enough highexponent polarization functions already, as demonstrated most clearly by Fig. 2 of Ref. 53 . Thus, the d-manifold of the pV7Z basis set would have to be adjusted accordingly to be utilized within the context of the improved series. We believe that the S pV7Z basis could still be used with the higher members ͑QZ, 5Z, and 6Z͒ of the standard correlation consistent series without modification.
All molecular energies were computed with the quantum chemistry package PSI 3 ͑Ref. 48͒ and were precise to at least 10 Ϫ12 E h . In all molecular correlated computations the lowest-lying 1s-like orbitals were kept doubly occupied. Correlation consistent basis sets (aug)-cc-pVXZ through sextuple-͑Refs. 21-23͒ were obtained once again from the Environmental Molecular Sciences Laboratory online Gaussian basis set database. 52 Occasional linear dependencies in basis sets were handled via the canonical orthogonalization procedure, 54 in which overlap eigenvectors with eigenvalues smaller than 10 Ϫ6 were omitted. Molecular MP2 pair energies for occupied spatial orbitals i and j were evaluated according to the conventional formula,
͑16͒
where the ⑀ p are canonical RHF orbital energies, sϭ0, 1 for singlet and triplet pairs, respectively, and a and b run over virtual orbitals. Molecular second-order Møller-Plesset pair energies close to the basis set limit (e i j ref ) were obtained using the MP2-R12/A method as implemented in the quantum chemistry package PSI 3. 48 A large uncontracted Gaussian basis designated as V1ϩ was used in such R12 calculations. Technically, V1ϩ is ͓21s13p11d10f 7g5h2i/13s11p9d7 f 5g1h͔ for ͓N,O,F/H͔.
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Basis set extrapolations for atomic and molecular Hartree-Fock energies were performed by least-squares fitting a set of (aug)-cc-pVXZ RHF energies to the formula
For brevity, we designate the E SCF (ϱ) limit obtained from a set of cc-pVXZ, cc-pV(Xϩ1)Z, . . . , cc-pVY Z HF energies as (X,Xϩ1, . . . ,Y ). Similarly, (aX,a(Xϩ1) . . . ) stands for the limit obtained by fitting a set of aug-cc-pVXZ, aug-cc-pV(Xϩ1)Z, . . . , aug-cc-pVY Z HF energies to the above expression. Basis set extrapolations for molecular second-order Møller-Plesset singlet and triplet pair energies were usually performed according to Eqs. ͑12͒ and ͑13͒, respectively, by fitting to a pair of (aug)-cc-pVXZ and (aug)-cc-pVY Z MP2 pair energies. We designate the basis set limits thus obtained as (X,Y ) and (aX,aY ). We also use this notation for total molecular MP2 energies obtained by summing the individually extrapolated singlet and triplet pair energies. In contrast, total MP2 correlation energies extrapolated according to Eq.
͑8͒ are designated with braces as ͕X,Y ͖ and ͕aX,aY ͖. 
͑19͒
where N is the number of MP2 pairs of a given type under consideration. For the normal ͑Gaussian͒ distribution skewness and kurtosis are zero. Positive ͑negative͒ skewness indicates a nonsymmetrical distribution with a long tail extending toward more positive ͑negative͒ values. Positive kurtosis indicates a distribution with a sharp peak at the mean, while negative kurtosis corresponds to a distribution with a plateau. 
III. HARTREE-FOCK ENERGIES
Although not designed with consistent convergence of Hartree-Fock energies in mind, correlation-consistent basis sets have been used extensively to obtain basis set limits for the Hartree-Fock method. Thus it is of interest to briefly examine how the septuple-basis sets affect atomic and molecular Hartree-Fock energies. This assessment should also indicate how well our pV7Z and aug-pV7Z basis sets derived from Feller's original work fit into the established correlation-consistent series.
Series of atomic Hartree-Fock energies through the septuple-level are given in Table II , and corresponding molecular energies for the H 2 and N 2 examples appear in Table  III . An insightful analysis of these data may be performed by means of the ratio
If some power law
For each r(X) value, nonlinear Eq. ͑24͒ can be solved numerically to yield ␣(X), which would be constant if Eq. ͑23͒ holds. Alternatively, if the energy series obeys the exponential form,
then r(X)ϭexp(Ϫb) is constant, and ␣(X) can be shown to be almost perfectly linear with a slope of b in the domain Xу3. In Tables II and III , ␣(X) clearly and strongly increases with X, the only local anomaly involving ␣͑5͒ of H 2 . Moreover, for Xϭ7, large effective exponents of 9-12 are seen, well beyond any value expected from a simple, physically-based power law. In brief, the ͑aug͒-cc-pVXZ Hartree-Fock energies exhibit approximate exponential behavior, and the septuple-basis sets fall nicely into the existing series. Among the extrapolations in Tables II and III , the spread of basis set limits determined with XϭQ and higher data is ͑0.05,1.8,7.0,9.4͒ E h for ͑H, N, O, F͒ and ͑0.8,12͒ E h for (H 2 , N 2 ), indicating good internal agreement. Addition of the septuple-basis sets in the fits generally lowers the extrapolated Hartree-Fock limits and improves agreement with exactly known numerical values. In contrast, inclusion of ͑aug͒-cc-pVTZ RHF energies in the fits noticeably worsens the accuracy of the extrapolations. In the limited cases analyzed here, the septuple-basis sets are sufficiently complete that the errors in the explicitly computed RHF energies are of the same order of magnitude as the errors in associated extrapolations, the latter displaying a tendency to underestimate exact Hartree-Fock limits. The difficulty of extrapolating out the last microhartrees of error is likely a consequence of Gaussian basis sets not having the proper exponential form at large and small nuclear-electron distances.
IV. MOLECULAR ABSOLUTE MP2 PAIR ENERGIES
A chief merit of the correlation-consistent families of basis sets is that they provide a solid foundation for studies of convergence of correlation energies. To elucidate the effect of higher cardinal number basis sets on absolute correlation energies, we performed a series of computations on HF, N 2 , F 2 , and two conformers of H 2 O with the (aug)-cc-pVXZ series of basis sets. The convergence data for the MP2 pair energies of these species are collected in Tables IV-XIII. Conventional estimates for the complete basis set limit for singlet and triplet MP2 pair energies were obtained via two-point fits to Eqs. ͑12͒ and ͑13͒, respectively. Additionally, more general linear two-point fits
with cϭ0.5 and 1.0 were studied. Note that Eqs. ͑12͒ and ͑13͒ are instances of Eqs. ͑26͒ and ͑27͒, respectively, with cϭ0.0. For the complete basis set limit reference points, we utilized explicitly computed V1ϩMP2-R12/A pair energies. Tables XIV and XV Perusal of the compiled data reveals consistent lowering of explicitly computed (aug)-pVXZ MP2 pair energies as the cardinal quantum number X of the basis is increased. As a result, the mean relative error ⌬, mean absolute relative error ⌬ abs , RMS relative error ⌬ RMS , maximum absolute relative error ⌬ max , and relative error standard deviation ⌬ std all decrease monotonically with X ͑Table XIV͒. The average absolute relative error for singlet and triplet pair energies computed with the aug-pV7Z/pV7Z set is 1.719%/1.963% and 0.178%/0.265%, respectively. These septuple-errors are smaller than the corresponding ͑aug͒-cc-pV6Z values by 35% for singlet and 50% for triplet pairs. The trends in error statistics in Table XIV demonstrate that the pV7Z and augpV7Z sets are excellent extensions of the existing (aug)-cc-pVXZ sets in the computation of correlation energies, in addition to Hartree-Fock energies ͑Sec. III͒. In general, relative errors observed in singlet MP2 pair energies are 3-8 times greater than respective errors in triplet energies. This phenomenon is a very clear indication that the asymptotic rates of convergence for singlet and triplet pair energies are very different, in accord with previous evidence. 7, 33 Basis set extrapolation of pair energies according to Klopper's formulas ͑12͒ and ͑13͒ brings much better agreement with the reference MP2-R12/A values. On average, extrapolation decreases statistical measures of errors by roughly an order of magnitude, compared to the corresponding explicitly computed values. Moreover, two-point extrapolations with successively higher (X,Xϩ1) pairs consistently and substantially reduce all error statistics. For example, for singlet pairs the ͑mean abs. relative error, std. dev.͒ in the cc-pV(X,Xϩ1)Z extrapolations with the X Ϫ3 form are reduced by factors of ͑0.29, 0.36͒ in going from ͑Q,5͒ to ͑6,7͒. Addition of diffuse functions to the oneparticle basis does generally improve extrapolation accuracy and reduce all statistical measures of error, but the ͑6,7͒ versus ͑a6,a7͒ case for singlet pairs constitutes an exception.
Somewhat unexpectedly, pair energies extrapolated using Klopper's approach are almost always smaller in absolute value than their reference values. Only 2 out of 73 ͑6,7͒ singlet pair energies are larger in magnitude than their R12/A reference energies, and there are no such occurrences in the ͑Q, 5͒ and ͑5, 6͒ cases. This behavior is characteristic of the triplet pair energies also, but to a lesser degree. One might argue that the apparent underestimation of magnitudes is simply due to the reference values being more negative than the basis set limit since MP2-R12/A pair energies typically converge from below. However, thorough examination of Klopper's data 33 reveals that even when MP2-R12/B pair energies ͑which typically converge from above͒ are used as a reference, extrapolated singlet MP2 pair energies are still consistently higher than their reference values. This phenomenon is not found for CCD and CCSD pair energies.
The observed persistent underestimation of the absolute values of singlet MP2 pair energies extrapolated using Eqs. ͑12͒ and ͑13͒ is conveyed most clearly by linear correlation coefficients r between relative errors in cc-pVXZ and extrapolated (X, Y ) energies ͑Table XV͒. The r values for the singlet X Ϫ3 fits lie in the 0.44-0.79 range, indicating strong correlation between the sets of errors. Also, strong correlation between extrapolated pair energies (X, Y ) suggests that higher-order terms in the principal expansion of pair correlation energies can be used to improve extrapolated values.
The correlation coefficients between relative errors in explicitly computed and extrapolated MP2 pair energies are even larger for triplet pairs.
The observed underestimation of MP2 pair energies is a systematic trend that can be exploited for designing better extrapolation schemes for at least singlet pairs. We investigated improving Klopper's approach by fits to Eqs. ͑26͒ and The standard deviation of Skew assuming normal distribution is 0.287 and 0.350 for singlet and triplet pair sets, respectively. The standard deviation of Kurt assuming normal distribution is 0.573 and 0.700 for singlet and triplet pair sets, respectively.
͑27͒, which include Klopper's formulas as a special case with cϭ0.0. The use of cϭ0.5 for extrapolation of MP2 singlet pair energies decreases the mean relative error and mean absolute relative error most dramatically. For example, in the cc-pV(X,Xϩ1)Z extrapolations, ⌬ abs for ͓͑Q,5͒,͑5,6͒,͑6,7͔͒ is ͑0.620%, 0.367%, 0.177%͒ for cϭ0.0 and ͑0.171%, 0.109%, 0.072%͒ for cϭ0.5. The RMS relative error and maximum absolute relative error are also reduced with cϭ0.5, whereas the standard deviation of relative error does not vary with c very much. Perhaps most strikingly, the improvement in the extrapolated MP2 singlet pair energies from the use of Eqs. ͑26͒ and ͑27͒ with c ϭ0.5 reduces dramatically the correlation between relative errors in explicitly computed and extrapolated singlet pair energies. Specifically, in Table XV the mean absolute value of the linear correlation coefficients for explicit versus extrapolated errors goes from 0.62 to 0.11 when c is changed from 0.0 to 0.5. Note that the use of cϭ1.0 overshoots the target, yielding negative r values comparable in size to the cϭ0.0 case. In the case of triplet pairs, once again the statistical measures improve and the correlation coefficients r are reduced when cϭ0.5 is employed. Thus, our data indicate that use of cϭ0.5 in Eqs. ͑26͒ and ͑27͒ offers statistically significant improvements vis-à-vis Klopper's approach, and thus should be used for MP2 pair energy extrapolations. Effective decay exponents ␣(X) that correspond to asymptotic expressions ͑26͒ and ͑27͒ were computed for c ϭ0.0, 0.5, 1.0 by solving the following nonlinear equation:
for ␣. The effective exponents were averaged for singlet and triplet pairs separately ͑Table XVI͒. Singlet and triplet pairs have clearly different convergence rates which approach their ''ideal'' values of 3 and 5 most closely when cϭ0.5, in accord with the observed minimum of statistical measures of errors in valence MP2 pair energies at cϭ0.5 ͑Table XIV͒. We believe that this is another indication that asymptotic fits ͑26͒ and ͑27͒ are optimal for MP2 pair energies when c ϭ0.5.
One of the natural assumptions behind analyses of errors in total and pair correlation energies is the normal distribution of a ͑finite͒ set of errors. We test the assumption quantitatively by computing skewness and kurtosis ͑see Sec. II͒ of the sets of relative errors ͑Table XIV͒. Assuming an asymptotic limit of normal distribution of errors, we can compute standard deviations for Skew and Kurt of sets of relative errors ͑see footnotes of Table XIV͒ . In all cases, skewness and kurtosis for sets of relative errors in nonextrapolated singlet pair energies are significantly less than the standard deviation different from zero, their value for a normal distribution. Figure 1 presents a histogram of relative errors for singlet MP2 pair energies in our dataset, both for explicit pV7Z computations and (Xϩ 1 2 ) Ϫ3 ͑6, 7͒ extrapolations. Both the dramatic error reduction upon extrapolation and the approximate normal distributions are evident. The analysis of Skew and Kurt is less useful for errors in triplet pair energies since the distribution of such errors is too narrow to make high-order moments of distributions meaningful. With the much faster convergence of triplet pair energies in mind, we conclude that the observed distributions of relative errors in MP2 pair energies are not significantly different from normal. Our tests of sets of absolute errors in MP2 pair energies indicate poorer resemblance to the normal distribution, with significantly higher values of Skew and Kurt.
By the time the large septuple-basis sets are used to extrapolate basis sets limits for MP2 pair energies, the standard deviation of error becomes comparable ͑within a factor of 2͒ to the mean absolute and RMS errors. Significant further improvement upon extrapolation schemes would thus require reduction in the standard deviation of errors, which will be difficult to impossible without developing higher members of the correlation-consistent series or designing a new series of basis sets for extrapolations. Explicitly correlated methods such as the linear R12 methods of Kutzelnigg, Klopper, and co-workers 16, 56 become a much more promising approach to the basis set problem in this regime. The cost of conventional second-order energy computations with ͑aug͒-pV7Z basis sets can already be as large as that of significantly more accurate computations with the MP2-R12 method, even when the latter is not implemented with the more robust dual-basis formalism.
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V. MOLECULAR RELATIVE ENERGIES
A. Barrier to linearity of water
A challenging problem for orbital expansion methods is the barrier to linearity of water, which has been shown in several recent studies [42] [43] [44] to exhibit a torpid approach to the complete basis set limit. This barrier is a key feature of the ground-state potential energy ͑hyper͒surface of water, which has received renewed interest due to greatly improved spectroscopic capabilities for detecting higher-lying bending states, intrigue over the extremely dense manifold of rovibrational states recorded and recently analyzed in the sunspot spectrum of water, and the pervasiveness of water in combustion systems, the interstellar medium, and the atmospheres of planets and cool stars. 58 -71 Recently, 44, 72 an ab initio barrier height of 11 122Ϯ13 cm Ϫ1 was deduced from careful focal-point analyses incorporating extremely large basis sets, [42] [43] [44] explicitly correlated R12 computations, 43, 44 full CI calibrations of higher-order coupledcluster methods, 43 and corrections for core correlation, 42, 43 special relativity ͑the mass-velocity and one-electron Darwin terms͒, 42, 43 and first-order non-Born-Oppenheimer effects. 43, 72 An independent ab initio treatment of the ground state surface of water by Polyansky et al., 5 which incorporated additional effects of relativity ͑the Breit interaction and the two-electron Darwin term͒ 73 and nonadiabaticity, 74 produced a value of 11 123.3Ϯ5 cm Ϫ1 ; remarkably, this surface yields rovibrational energy levels with a mean error less than 1 cm Ϫ1 . These arduous theoretical results 5, 44, 72 are in almost ideal agreement with each other but slightly higher than the most recent empirical barrier of 11 105Ϯ5 cm Ϫ1 derived from spectroscopic fits. 75 A key to solving the water barrier problem is the determination of the complete basis set limit of the MP2 contribution ͑␦͓MP2͔͒ to the barrier. A collection of ␦͓MP2͔ increments from this work and previous studies [42] [43] [44] appears in Table XVII . Using the R12/A method and specially designed ͓O/H͔ basis sets as large as K4 3i ϭ͓19s13p11d9 f 7g5h3i/13s11p9d7 f 5g3h͔, a limit of ␦͓MP2͔ϭϪ357 cm Ϫ1 is surmised. In explicit, conventional MP2 computations, this increment starts at ϩ352 cm Ϫ1 with the cc-pVDZ basis 42 and slowly migrates to (Ϫ305, Ϫ330) cm Ϫ1 with the ͑cc-pV6Z, aug-cc-pV6Z͒ set. The new pV7Z and aug-pV7Z basis sets yield the improved values of Ϫ321 and Ϫ335 cm Ϫ1 , respectively, the latter being the lowest explicit, conventional result to date. However, the aug-pV7Z increment is remarkably still more than 20 cm Ϫ1 from the apparent MP2 limit. Pinpointing the water barrier by extrapolations of conventional MP2 energies has been plagued in past studies 42, 43 by an unacceptably large sensitivity to details of the procedure. As shown in Table XVII , this sensitivity persists when the septuple-basis sets are employed. Regardless of whether the extrapolation involves augmented basis sets or not, or whether total energies or individual pair energies are extrapolated, the ͑6,7͒ results generally underestimate the size of ␦͓MP2͔ almost as much as their ͑5,6͒ counterparts overestimate it. Moreover, despite the improved physical underpinnings of Klopper's approach ͓Eqs. ͑12͒ and ͑13͔͒, extrapolation of individual pair energies does not yield improved estimates of the MP2-limit contribution to the water barrier.
In Table XVIII appears a pair-energy breakdown of the second-order correlation increment to the water barrier, wherein the convergence difficulties are clearly seen to be isolated in the singlet pairs. The singlet-pair contribution to ␦͓MP2͔ systematically decreases in explicit calculations from ϩ327 to ϩ181 cm Ϫ1 in going from cc-pVQZ to augpV7Z, but the latter is still 21 cm Ϫ1 above the K4 3i MP2-R12/A benchmark (Ϫ160 cm Ϫ1 ). In extrapolations, the singlet-pair term of ␦͓MP2͔ is not very sensitive to the extrapolation function once larger basis sets are employed. Therefore, despite the marked improvements afforded in individual pair-energy extrapolations by using cϭ0.5 in Eq. ͑26͒, there is disappointingly no resulting improvement in the overall ␦͓MP2͔, due to the insidious nature of the collective residual errors. In particular, the ͑a6,a7͒ extrapolations with the X Ϫ3 and (Xϩ 1 2 ) Ϫ3 forms differ by less than 1 cm Ϫ1 , and are both 13-14 cm Ϫ1 higher than the presumed Ϫ160 cm Ϫ1 limit. In stark contrast, for the triplet-pair portion of ␦͓MP2͔, accuracy to the 2 cm Ϫ1 level is achieved by aug-cc-pV6Z, pV7Z, and aug-pV7Z explicit computations, as well as virtually all extrapolations past ͑Q,5͒, regardless of the functional form.
In summary, while the best explicit ͑aug-pV7Z͒ MP2 increment to the water barrier is about 20 cm Ϫ1 in error, a scatter of almost 30 cm Ϫ1 is observed among the various results from high-level extrapolations of both the total energy and individual pair energies. As in the case of individual pair energies ͑Sec. IV͒, once the septuple-mark is reached in conventional correlation treatments, the standard deviation of extrapolation errors presents a fundamental obstacle for significant improvements in the determination of the basis set limit. Therefore, explicitly correlated methods are necessary to push the accuracy limit further.
B. Dimerization energy of water
The interaction energies D e of hydrogen-bonded species provide another stringent challenge to correlated electronic structure methods. Halkier et al. noted 37 slow unsystematic basis set convergence of correlation contributions to D e of several hydrogen-bonded dimers as a function of the cardinal number X of correlation-consistent basis sets. The unsystematic pattern is due to the interplay of both basis set superposition error ͑BSSE͒ and the asymptotic O(X Ϫ3 ) convergence of correlation energy. Once BSSE was removed via the counterpoise correction, the contributions converged slowly, but systematically, allowing extrapolation using the usual techniques. 37 One of the systems studied by Halkier et al. was the global minimum on the ground state PES of water dimer, one of the simplest prototypical hydrogen-bonded systems and a cornerstone for structure and thermodynamics of bulk water. Water dimer has been studied in great detail by theoretical chemists. 89 High accuracy studies have become possible 76 -78 with the introduction of Dunning's correlation consistent basis sets. Most recently, the dissociation energy at the equilibrium geometry has been established with the lowest-to-date uncertainty of 0.2 kJ mol Ϫ1 with the aid of explicitly correlated methods by Klopper et al. 76 The rest of the PES of water dimer has been investigated less thoroughly. Unsystematic basis set convergence, similar to that found by Halkier et al., 37 has been noted in a recent study by Tschumper et al. 77 on relative energies of several key stationary points on the ground state surface of water dimer. It is 
a The ͓O/H͔ basis sets designed for explicitly correlated computations are K1 ͓13s8 p6d5 f /7s5p4d͔, K2 ͓15s9 p7d5 f /9s7p5d͔,
2i ͓21s13p11d10f 7g5h2i/13s11p9d7 f 5g1h͔, and K4 3i ͓19s13p11d9 f 7g5h3i/13s11p9d7 f 5g3h͔, as specified in Refs. 43 and 44. ICP denotes intramolecular counterpoise correction. b clear that to construct a global PES for water dimer one has to address carefully issues of the basis set convergence of correlation energy and basis set superposition error. While the former can be dealt with using extrapolation techniques, the latter is difficult to eradicate consistently across a surface. It is not evident that even the largest basis sets utilized in conventional computations will be sufficient to render the BSSE negligible and attain high accuracy in this situation. Thus we decided to apply the newly developed aug-pV7Z basis set to the global minimum of water dimer to examine whether the brute force approach is sufficient to obtain the correlation contribution to the dissociation energy accurate to a few cm Ϫ1 . Valence MP2 contributions to the dissociation energy of water dimer computed with the series of correlationconsistent basis sets augmented with diffuse functions are listed in Table XIX . The explicitly computed MP2 contributions diminish monotonically with X; however, all successive values differ by at least 8 cm Ϫ1 . Not surprisingly, convergence is not very systematic. Most notably, the ␦D e (a7)
Ϫ␦D e (a6) difference of Ϫ13 cm Ϫ1 is larger than the a6 Ϫa5 difference of Ϫ8 cm Ϫ1 , contrary to the notion of asymptotic convergence. As a result, the extrapolated CBS (X,Xϩ1) contributions in Table XIX are far from consistent. The valence MP2 contributions obtained with the explicitly correlated MP2-R12/A method converge much faster to the basis set limit and are less susceptible to BSSE. 79 In addition to the previously published K2 MP2-R12/A result of Ref. 77 , we computed the MP2-R12/A contribution with a much larger K2 1h basis set, 80 which is technically ͓15s9 p7d5 f 3g1h/9s7p5d3 f 1g͔ for ͓O/H͔. The resulting benchmark K2
1h ␦D e ͓MP2͔ increment is ϩ532 cm Ϫ1 . The difference between the K2 and K2 1h R12/A values is only 7 cm Ϫ1 , but still somewhat higher than expected. The conventional aug-pV7Z MP2 prediction thus appears to be an improvement over that of the established aug-cc-pV6Z basis. However, an uncertainty of 10 cm Ϫ1 or more in the CBS limit somewhat muddles the comparison, and the brute force approach appears unreliable in converging the interaction energy to a few cm Ϫ1 .
VI. CONCLUSIONS
͑1͒
The following correlation-optimized Gaussian k-function exponents have been determined for use with correlation-consistent valence septuple-͑pV7Z͒ basis sets: ␣ k (N)ϭ2.379, ␣ k (O)ϭ3.123, ␣ k (F)ϭ4.256, and ␣ k (S)ϭ1.209. Corresponding diffuse function exponents for aug-pV7Z basis sets are ␣ k (N)ϭ0.977, ␣ k (O)ϭ1.232, ␣ k (F)ϭ1.597, and ␣ k (S)ϭ0.575. These results provide optimal k-manifolds that complete the construction of the pV7Z and aug-pV7Z basis sets for the selected atoms. ͑2͒ The CISD and CCSD methods were found to give virtually identical valence-optimized k-function exponents, whereas less highly correlated, open-shell second-order perturbation theories ͑ZAPT2, OPT2͒ provide exponents 1%-4% smaller. For diffuse k orbitals, the ͑ZAPT2, OPT2͒ methods give exponents about 10% smaller than CCSD. ͑3͒ For Hartree-Fock computations, qualitative inspections
show that results from the new septuple-basis sets fit well into an exponential approach of (aug)-cc-pVXZ energies toward the CBS limit. A detailed mathematical analysis confirms this behavior, revealing a linear increase of effective decay-exponents with X extending beyond values reasonable for any simple, physicallybased power law. ͑4͒ A complete collection of valence MP2 pair energies has been generated for the cc-pVXZ and aug-cc-pVXZ series through the septuple-level for the HF, N 2 , F 2 , and H 2 O molecules, for the purpose of examining the torpid convergence behavior of correlation energies. In addition, explicitly-correlated MP2-R12/A computations with prodigious ͓(N,O,F)/H͔ ϭ͓21s13p11d10f 7g5h2i/13s11p9d7 f 5g1h͔ basis sets have been performed to provide benchmark pair energies. The mean absolute relative error for conventional MP2 with the ͑pV7Z, aug-pV7Z͒ basis set is ͑1.96%, 1.72%͒ and ͑0.26%, 0.18%͒ for singlet and triplet pair energies, respectively. These errors are smaller than the corresponding sextuple-values by 35% for singlet and 50% for triplet pairs. ͑5͒ Extrapolation of conventional valence MP2 pair energies with (Xϩc) Ϫn functional forms, where nϭ (3, 5) for ͑singlet, triplet͒ pairs and cϭ 1 2 , provides dramatic improvements in accuracy, measured with respect to the MP2-R12/A benchmarks, and corrects systematic underestimations of absolute CBS MP2 limits found in cϭ0 extrapolations. Comparison to the results of a previous study of coupled cluster pair energies by Klopper 33 reveals that the improvements are specific to the case of MP2 pair energies. Two-point 6Z/7Z (Xϩ 
)
Ϫn extrapolations reduce the mean absolute MP2 pair energy errors to 0.07% and 0.02% for singlet and triplet pairs, respectively. Moreover, the use of cϭ into the best accord with the ideal values predicted by Kutzelnigg and Morgan 7 via partial-wave analyses. ͑6͒ Analysis of the skewness and kurtosis of the relative pair energy errors reveals distributions not significantly different from normal, at least for singlet pairs. The effect of extrapolation is to greatly sharpen the distribution and move it toward zero error, while maintaining an approximate Gaussian shape. Absolute errors show less resemblance to the normal distribution. ͑7͒ The new septuple-basis sets have been applied to the well-studied and problematic barrier to linearity of water, whose correlation energy component is known to exhibit protracted basis set convergence. For the ␦͓MP2͔ increment to the barrier, the aug-pV7Z basis set yields Ϫ335 cm Ϫ1 , the best explicit conventional result to date. Nonetheless, this prediction is still more than 20 cm Ϫ1 from the MP2 limit (Ϫ357 cm Ϫ1 ) determined from extensive R12/A computations. 44 Remarkably, this error cannot be significantly reduced in even the best conventional extrapolations, because the standard deviation of extrapolation errors results in a Ϯ15 cm Ϫ1 scatter about the apparent CBS limit. ͑8͒ A final, preliminary application of septuple-basis sets has been made to the dimerization energy of water. Once again, aug-pV7Z MP2 computations provided the lowest conventional second-order correlation increment (ϩ527 cm Ϫ1 ) to date for the hydrogen-bond energy, a value lying within a roughly 10 cm Ϫ1 range of uncertainty about the CBS limit. While the series of aug-cc-pVXZ, noncounterpoise-corrected binding energies displays a monotonic decrease toward the apparent CBS limit, the decrements are erratic and extrapolations are suspect, presumably because of basis set superposition error. ͑9͒ In the H 2 O and (H 2 O) 2 examples investigated here, conventional correlation-consistent computations through the septuple-level with k-manifolds in the basis set, conjoined with the best physically-based extrapolations therefrom, do allow one to enter the domain of subchemical accuracy (0.1 kcal mol Ϫ1 ), but not to reliably penetrate it beyond the 10 cm Ϫ1 level. The latter target is likely a fundamental accuracy obstacle of orbital expansion methods that may only be breached by explicitly correlated methods. [87] [88] [89] 
